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Abstract
This preliminary work describes the implementation of a quadrature-free discontinuous Galerkin (DG)
scheme to capture an interface location using a level set. The approach allows for arbitrarily high order
implicit representation of the level set function by using a basis of high order polynomials. Additionally, the
high order accuracy does not require a large stencil since DG only uses information from the edge of upwind
cells. A quadrature-free implementation allows for all the integrals that appear in the derivation of the
scheme to be evaluated beforehand to reduce computational cost. Reinitialization of the level set function
is important to maintain high accuracy and robustness. We present a quadrature-free DG scheme for the
level set reinitialization. The implementation is based on the solution of a Hamilton-Jacobi equation using
the DG scheme of Cheng and Shu [Cheng and Shu, Jcp 223, 2007]. Preliminary transport tests illustrate
the excellent potential of the method, while a one-dimensional reinitialization test proves the feasibility of a
fully quadrature-free DG level set scheme.
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Introduction
In simulations of complex, turbulent, multi-

phase flows, discontinuities at the interface are diffi-
cult to deal with numerically. When the two phases
have significantly different properties, including the
presence of high density ratios or surface tension,
discretization of the Navier-Stokes equations be-
comes challenging. A variety of methods have been
used to handle discontinuities such as the continuum
surface force (CSF) approach [1] which smears the
discontinuity over a few grid cells and the ghost fluid
method (GFM) [2] that uses a sharp representation
of the discontinuity through a generalized Taylor se-
ries.

Both of the aforementioned methods are based
on knowledge of the interface location. Commonly,
two approaches are used to locate the interface: 1)
interface tracking methods which are Lagrangian
based and use re-meshing so that the interface loca-
tion can be explicitly defined. 2) interface capturing
methods which are Eulerian based implicitly repre-
sent the interface location on a fixed grid. Details of
both methodologies are outlined below.

Interface tracking schemes typically use arbi-
trary Lagrangian-Eulerian (ALE) methods based on
a mesh that deforms with the interface [3, 4, 5, 6],
or MAC methods that advect Lagrangian particles
which define a given fluid by their location [7]. In-
terface tracking schemes face difficulties when large
interface deformations exist or when the interface
disconnects and reconnects. When this happens, sig-
nificant re-meshing is needed to account for the large
interface changes.

Interface capturing methods such as volume of
fluid (VOF) and level set methods are very robust
and have been used for a variety of applications.
VOF methods capture the interface using the vol-
ume fraction of fluid within each grid cell [8, 9, 10].
Level set methods advect a function defined such
that the zero iso-surface is the interface [11, 12].
VOF methods suffer from limitations including cal-
culating interface curvature and normal and VOF is
typically first or second order. Level set methods al-
leviate many of the problem found with VOF meth-
ods but limitations do exist such as explicit mass
conservation. Another issue arises when the level
set function is stretched and the gradient becomes
excessively large or small near the interface. As a
result, the location of the interface is not accurately
known. To remedy this problem, reinitialization is
performed. Reinitialization transforms the deformed
level set into a new function with a reasonable gra-
dient without moving the location of the interface.

Discontinuous Galerkin (DG) methods are an

attractive technique for solving the advection equa-
tion used to evolve the level set function [13, 14]. DG
offers many advantages including accuracy, robust-
ness, and compactness that leads to highly paral-
lelizable schemes [15, 16]. The work presented here
is based on the DG level set scheme presented by
Marchandise et al. [13]. Their work is extended
by developing a quadrature-free DG reinitialization
scheme.

Numerical Scheme
A DG based level set scheme provides many ad-

vantages to accurately and robustly transport and
capture the interface in multiphase simulations. The
level set function G(x, t) is defined to be positive in
one fluid, negative in the other, and zero at the inter-
face. The function is initiated as a smooth function
(e.g. the signed distance function). Next, an mate-
rial transport equation is solved to update the inter-
face position. When the flow field develops large or
small gradients of the level set function near the in-
terface, a second equation is solved to reinitialize the
level set. Derivations of the level set transport and
level set reinitialization schemes using a quadrature-
free DG approach are given below.

Level Set Transport
An equation that represents the material trans-

port of the interface by the base flow is used to evolve
G. The equation is,

∂G

∂t
+ u · ∇G = 0, (1)

where u is the base flow velocity that advects the
level set. Solving the transport equation using a
quadrature-free DG scheme is the objective. The
main idea of DG is to represent a function (e.g. G)
as a finite linear combination of basis functions (φ).
Therefore,

G(x) =
N∑

n=0

gnφn = giφi, (2)

where N + 1 is the number of degrees of freedom
(DOF), φi is the basis, and gi is the weight associ-
ated with the basis function. While almost any set
of basis functions will work, some sets have benefi-
cial properties such as orthogonality. In this project,
the Lagrange polynomials are used.

Quadrature-free implementations are a subclass
of DG methods in which all integrals that appear
in the derivation are written to be only a function
of the basis and not a function of time. As a result,
the integrals can be precomputed to reduce the com-
putational cost at each update step. To derive our
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quadrature-free DG implementation of the level set
transport equation, Equation 1 is written using the
basis functions, multiplied by a test function, and
integrated over the cell.

Rewriting Equation 1 with the basis and using
an incompressible flow assumption results in,

∂giφi

∂t
+
∂ukgiφi

∂xk
= 0, (3)

using Einstein’s summation notation. The next step
involves multiplying by a test function φj which in
our scheme is a member of the set of basis functions.
Applying the properties g(t) and φ(x) and multiply-
ing by φj , we obtain,

φjφi
∂gi

∂t
+ φjgi

∂ukφi

∂xj
= 0. (4)

Integration of Equation 4 over each grid cell us-
ing the divergence theorem and integration by parts
completes the process. The result is,[∫

V

φiφj dV

]
∂gi

∂t
+
[∮

S

φiφj dS

]
g+

i uknk (5)

−
[∫

V

∂φj

∂xk
φi dV

]
gjuk = 0,

where n is the normal to the surface and g+ is g
defined from the upwind side of the face in regards
to the base flow velocity uk.

The final step in this derivation involves a key
assumption that allows for the quadrature-free im-
plementation to be successful. In order to remove
uk from the surface and volume integrals, uk must
be assumed to be a constant at the cell interface and
within the cell volume, respectively. This is an ap-
propriate assumption because the second order flow
solver only provides one value of base flow velocity
for each grid cell. The final result is,

∂g

∂t
= M−1

[
K

k
g · u−

∑
faces

B g+ (u · n)

]
, (6)

with,

M =
∫

V

φ φT dV, (7)

K =
∫

V

∇(φ) φT dV, (8)

B =
∫

S

φ φT dS. (9)

In Equation 6, all of the integrals (Equations 7-
9) are only of a function of the basis functions and

not a function of time. As a result, they can be
precomputed for a chosen set of basis functions and
then Equation 6 can easily be updated without eval-
uating any integrals.

Reinitialization

A variety of approaches to reinitialize G to a
signed distance function have been developed. The
first class is known as fast marching methods that
solve the Eikonal equation ||∇G|| = 1 [17, 12].
Closest point algorithms have also been explored
that have a tree-based structure to determine the
closest interface point to define the distance func-
tion [18, 19]. This method requires a set of points
on the interface to be created. The final reinitializa-
tion method is based on solving the Hamilton-Jacobi
equation,

dG

dτ
+ S(G) (‖∇G‖ − 1) = 0, (10)

where τ is pseudo-time and S is a smoothed sign
function such as a scaled hyperbolic tangent or
S(G) = G/

√
G2 + α2 and α is a function of the grid

size [14].
Because DG is used to transport the level set, it

is advantageous to use the same numerical method
for the reinitialization so that the higher order
weights can be maintained. Therefore, a DG imple-
mentation of the Hamilton-Jacobi equation is highly
desired.

Two methods have been developed to solve the
Hamilton-Jacobi equation. The first by Hu and Shu
[20] applies the DG framework to solve a system of
conservation laws satisfied by the derivative of the
solution. Cheng and Shu [21] proposed a method to
solve the Hamilton-Jacobi equation directly for the
solution by adding additional stability terms. Be-
cause the associated computational cost is signifi-
cantly lower with the latter, Cheng and Shu’s [21]
approach is used to solve Equation 10. Their ap-
proach applied to the Solution of Equation 10 is
given below.

To simplify notation the following variables are
introduced:

F ≡ S (G) (‖∇G‖ − 1) , (11)

F1 ≡
∂F

∂Gx
, (12)

where, Gx = ∂G/∂x. Now the grid notation is de-
fined for a cell Ij = (xj− 1

2
, xj+ 1

2
). And the inter-

val between adjacent cell Ij and Ij+1 is written as
Ij+ 1

2
= (xj , xj+1). The jump of G is defined as

[G]j+1/2 = G(x+
j+ 1

2
, t)−G(x−

j+ 1
2
, t). (13)
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G+
j+1/2 and G+

j−1/2 are G evaluated on the right and
left sides of the discontinuity at x = j+ 1/2, respec-
tively.

With this notation, Cheng and Shu’s [21] formu-
lation can be written for the case of one-dimensional
level set reinitialization as:∫

Ij

(∂tG(x, t) + F (∂xG(x, t), x))φkdx (14)

+
1
2

(
F1(∂xG, xj+ 1

2
)

−
∣∣∣F1(∂xG, xj+ 1

2
)
∣∣∣ ) [G]j+1/2 (φ)−j+1/2

+
1
2

(
F1(∂xG, xj− 1

2
)

+
∣∣∣F1(∂xG, xj− 1

2
)
∣∣∣ ) [G]j−1/2 (φ)+j−1/2 = 0,

for any φk ∈ PN . Where, PN is the set of polyno-
mial of order N . As noted by Cheng and Shu, [21]
the terms on the last four lines of Equation 14 were
added for stability without affecting the accuracy. In
Equation 14, ∂xG is needed on the interface between
cells where a discontinuity may exist. As a result,
Cheng and Shu [21] developed a method for deter-
mining the derivative at the discontinuity. The main
idea is to define a function w of order 2N + 1 using
the value of the level set in the two cells boarding
the cell interface, and then setting the derivative of w
equal ∂xG. Details of the approach can be found in
[Cheng and Shu, Jcp 223, 2007]. It was determined
that using w of order 2N + 1 caused oscillations and
the order was reduced in our formulation to order N
to be consistent with the rest of our scheme.

The other difficultly with directly solving Equa-
tion 14, is in the evaluation of the integral using the
desired quadrature-free approach. F is a function of
x and t and therefore the integral can not be eval-
uated beforehand. To circumvent this, F is defined
as a linear combination of the basis functions,

F =
N∑

i=0

fi(t)φi(x), (15)

so that the time dependent forcing weights fi can
be removed from the spacial integral in Equation 14.
The remaining integral only contains the basis func-
tions and can be precomputed. In order to calculate
the forcing weights, the following procedure is used
to define fi in terms of gi, the weights corresponding
to the level set function. The idea is to write a Tay-
lor series expansion of F (G, dxG) and remove terms
that cannot be represented within the chosen basis,

so that F can be written as a linear combination of
the forcing weights f and the basis functions φ. The
forcing weights f will be a algebraic combination of
the level set weights g.

The procedure is:

1. Define the level set and the derivative of the
level set at x = 0,

G0 = G(x = 0) (16)

=
N∑

i=0

gi(t)φi(x = 0),

∂xG0 =
∂G

∂x
(x = 0) (17)

=
N∑

i=0

gi(t)
∂φi

∂x
(x = 0),

F0 = F (G = G0, ∂xG = ∂xG0). (18)

2. Write a Taylor series expansion of F around Go

and ∂xG0,

F ≈
N∑

n=0

N∑
m=0

1
(n+m)!

∂(n+m)Fo

∂Gn ∂(∂xG0)m

[
(19)

(G−G0)n (∂xG− ∂xG0)m

]
.

3. Rewrite Equation 19 using the definition of level
set defined in Equation 2, and Equations 16
and 17 to get,

F ≈
N∑

n=0

N∑
m=0

1
(n+m)!

∂(n+m)Fo

∂Gn ∂Gm
x

[
(20)(

N∑
p=0

(gpφp)−G0

)n

(
N∑

q=0

(
gq
∂φq

∂x

)
− ∂xG0

)m ]
.

4. Expand Equation 20. The new equation will be
of the form,

F ≈
∑

r

Cr(φp)s

(
∂φq

∂x

)t

, (21)

where Cr = f(F, gi, gj , G0, ∂xG0) are constants
in front of each combination of basis functions,
and s and t range from 0 to N .

5. Remove high order terms from Equation 21. If
(φp)s (∂φq/∂x)t can be represented by a linear
combination of the chosen basis then it should
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be retained. Otherwise, the term can be ne-
glected and eliminated from subsequent equa-
tions. Mathematically, if

Cr

(
N∑

i=1

Diφi

)
r

= Cr(φp)s

(
∂φq

∂x

)t

, (22)

with constants Di, can be written with the set
of basis functions, then the term should be kept.
Otherwise, the order is too high and the term
can be neglected.

For example, consider a one-dimensional ba-
sis of Lagrange polynomials, φ0 = 1, φ1 =
x,and φ2 = x2 − 1/3, is chosen. Then,
(φ0)1(dφ2/dx)1 = 2x = 2φ1 and should be kept.
In contrast, (φ2)2(dφ2/dx)1 = 2x3 can not be
written as a linear combination of this basis and
should be neglected.

6. Define, the sum of the terms in from of each
basis function as the desired variable,

fi =
∑

r

Cr(Di)r. (23)

Now, Equation 14 can be written such that it is in
a quadrature-free form,

∂g(t)
∂t

=− f(t) · φ(x)−

(∫
Ij

φ φT dx

)−1

(24)[
1
2

(
F1(∂xG, xj+ 1

2
)

−
∣∣∣F1(∂xG, xj+ 1

2
)
∣∣∣ ) [G]j+1/2

(
φ
)−
j+1/2

+
1
2

(
F1(∂xG, xj− 1

2
)

+
∣∣∣F1(∂xG, xj− 1

2
)
∣∣∣ ) [G]j−1/2

(
φ
)+
j−1/2

]
= 0.

In Equation 24, every term is an algebraic com-
binations of the level set weights except for the in-
tegral. However, the integral is only a function of
space and not a function of time, and consequently
can be precomputed. This process is lengthy but it
is only needed to setup the scheme. Once the alge-
braic equations have been formulated they will not
change at each time-step, only the basis multipliers
will.

Numerical Results
DG Level set Transport

The quadrature-free DG level set transport
equation has been implemented in a three-
dimensional, arbitrarily high order flow solver known
as NGA [22]. Using NGA and the new scheme for
level set transport the following example problems
were studied including Zalesak’s disk, two and three-
dimensional deformation cases, and a droplet im-
pacting quiescent water.

Zalesak’s disk
The first case is Zalesak’s disk subjected to 50 ro-
tations. Simulations consisted of a disk with radius
0.15 and notch width of 0.05, initiated with center
at (x, y) = (0, 0.25), subjected to 50 full rotations
using the two-dimensional velocity field,

U = −2πy, (25)
V = +2πx.

Two meshes were used, a coarse mesh of 50×50 and
a fine mesh of 100 × 100. Number of DOF used in
the DG scheme were varied from two through four.
Fig. 1 and 2 show the results of varying DOF on
the 50× 50 mesh and 100× 100 mesh, respectively.
From the plots it is evident that as the number of
DOF is increased (color changes from red to green
to blue) the disk shape after 50 rotations converges
to the initial condition (black). Mesh convergence
is also evident when comparing the results obtained
on the 50 × 50 mesh and 100 × 100 mesh. With a
mesh of 100 × 100, the result after 50 rotations is
almost indistinguishable from the initial condition.
And the 50×50 mesh, which has only 2 points across
the notch, gives excellent results after 50 rotations.

2D deformation
The next test case is the deformation of a cylin-
der due to a vortex. Fig. 7 in Section 5 shows how
the cylinder with diameter 0.3 and initial center at
(x, y) = (0, 0.25) is deformed and then returned to
the initial state using the velocity field

U = −2 sin(πx)2 sin(πy) cos(πy) cos(πt/8), (26)

V = +2 sin(πy)2 sin(πx) cos(πx) cos(πt/8).

The cross-sectional area of the liquid cylinder was
calculated at the end of the deformation cycle and
compared with the initial area for various number of
DOF. Results of the shape are are shown in Fig. 8 in
Section 5. The error defined by the final area divided
by the initial area is given in Table 1. As expected,
when the number of DOF is increased the final area
converges to the initial area. Mesh convergence was
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Figure 1. Zalesak disk after 50 rotations using a
50 × 50 mesh with varying number of DOF (N=2:
Red, N=3: Green, N=4: Blue, Initial condition:
Black)

Figure 2. Zalesak disk after 50 rotations using a
100× 100 mesh with varying number of DOF (N=2:
Red, N=3: Green, N=4: Blue, Initial condition:
Black)

also investigated by changing the mesh from 64 ×
64 points to 128 × 128 points and 32 × 32 points
while keeping the number of DOF at three. Fig. 9
in Section 5 shows that as the number of grid points
is increased, the final shape converges to the initial
shape as expected. At maximum deformation, the
64× 64 and 32× 32 cases show significant mass loss,
but at the end of the simulation the mass errors are
noticeably lower indicating that mass is preserved at
the sub-cell level due to the DG scheme.

Degrees of Freedom 2 3 4 6
Error of Final Area [%] 2.8 1.4 0.3 0.1

Table 1. Percent error of final area for two-
dimensional deformation simulations with varying
number of DOF

3D deformation
A three-dimensional version of the second test
case was also performed. For this case a sphere
with diameter 0.3 and initial center at (x, y, z) =
(0, 0.25, 0.25) is subjected to the three-dimensional
velocity field,

U = 2 sin(πx)2 sin(2πy) sin(2πz) cos(πt/3), (27)

V = − sin(2πx) sin(πy)2 sin(2πz) cos(πt/3),

V = − sin(2πx) sin(2πy) sin(πz)2 cos(πt/3).

A mesh of 64×64×64 was used with varying number
of DOF. Fig. 10 in Section 5 shows the evolution of
the initial sphere with time for the case of four DOF.
The figures show that when the droplet is stretched
there appears to be significant mass loss. However,
comparing Fig. 10.b and 10.h there is very little ac-
tual mass loss. This is expected and is a result of
the sub-cell resolution of the DG level scheme. The
volume of the liquid at the end of the simulation was
compared with the initial volume for varying num-
ber of DOF and the result is shown in Table 2. The
results again confirms that as the number of DOF
are increased the amount of mass loss is reduced.

Degrees of Freedom 2 3 4
Error of Final Volume [%] 5.8 2.4 1.7

Table 2. Percent error of final volume for three-
dimensional deformation simulations with varying
number of DOF

Water droplet impacting quiescent surface
The final case shows the interaction of the velocity
solver and the level set transport scheme. Fig. 11
in Section 5 shows a water droplet falling through
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air and colliding with a quiescent body of water.
The droplet had an initial radius of 0.01, center at
(x, y, z) = (0, 0.06, 0), and velocity of 0̂i,−1ĵ, 0k̂.
The pool had no initial velocity and a surface height
of 0.02 from the bottom of the domain. The domain
size was [−0.0375, 0.0375] in all directions. The sim-
ulation was performed using a mesh of 64 × 64 ×
64. Results are as expected however the surface in
Fig. 11.c shows slight oscillations that are not phys-
ical. It is believed that reinitialization and a limiter
will improve numerical robustness and reduce the
oscillations.

DG Level set Reinitialization
Successful reinitialization of the level set will re-

sult in a signed distance function with a zero iso-
surface of the level set in the initial location. To
test our quadrature-free level set reinitialization a
couple one-dimensional test cases were performed.
Fig. 3 shows how an initial function, Go(x) =
0.05 sinh(18x/5), with very low slope near x = 0,
and high slope near x = ±1, evolves using five grid
cells and four DOF. As expected the function be-
comes a straight line with a slope of one and the
interface location stays in the same location. A sim-
ulation with the same parameters but 49 grid points
was also performed and the result is shown in Fig. 4.
This plot shows that the method works on large
number of grid cells. Additionally, the desired slope
of unity is obtained near the origin initially and then
spreads throughout the domain. This feature allows
for reinitialization to be performed for fewer number
of steps and still achieve the sought-after gradient
near the interface. To quantify the accuracy of our
scheme, L2 error was calculated using,

L2 =
N∑
i

((G(xi)−Gexact(xi))
2
, (28)

for N equal to the number of grid cells. Results are
shown in Table 3 for simulations using 5, 20, and
49 grid points and various DOF. Machine zero error
was achieved in all cases, which is expected because
the solution is entirely included in the polynomial
basis.

A second test was conducted using a function
with two interfaces. The function used to initialize
the simulation was Go(x) = (0.6x)2 − 0.15. Two
meshes were used, the first had five points and the
result are shown in Fig. 5, the second is shown in
Fig. 6 and was done with 49 points. Again we find
that the scheme accurately reinitializes the level set
and is able to deal with the multiple interfaces. It
should be noted that one modification was made to

the scheme. During the calculation of f in Equa-
tion 24 the terms include division by some of the g
terms defined in Equation 2. When multiple inter-
faces exist a division by zero can occur. When this
happens the f terms have been set to zero and only
the zeroth order stability terms, which appear as the
last four lines in Equation 14, are kept.

Table 3. L2 error calculated by the difference be-
tween the converged solution and the exact solution
of the level set reinitialization equation for varying
number of DOF and mesh sizes

Figure 3. Reinitialization using 5 grid cells (colors
correspond to different grid cells)

Conclusions and Future Work
Derivations and results from our implementa-

tion of a quadrature-free level set transport and
reinitialization scheme were shown in this paper.
The three-dimensional implementation of the level
set transport and the one-dimensional level set reini-
tialization are working as desired and show excel-
lent potential to be implemented in a fully three-
dimensional multiphase flow solver.

Current work is focused on extending the reini-
tialization scheme in three-dimensions. Once the
three-dimensional reinitialization method is devel-
oped and implemented, we expect the scheme to
demonstrate excellent mass conservation properties
by resolving the interface location at the sub-cell
level. The scheme will be integrated with NGA
and allow for the simulation of turbulent multiphase
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Figure 4. Reinitialization using 49 grid cells (colors
correspond to different grid cells)

Figure 5. Reinitialization of function with two in-
terfaces using 5 grid cells (colors correspond to dif-
ferent grid cells)

Figure 6. Reinitialization of function with two in-
terfaces using 49 grid cells (colors correspond to dif-
ferent grid cells)

flows using physical parameters and will be capable
of resolving small scale structures characteristic of
these flows.
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Supplemental Figures

Time=0.00 Time=0.11 Time=0.22

Time=0.33 Time=0.44 Time=0.56

Time=0.67 Time=0.89 Time=1.00

Figure 7. Two-dimensional deformation test case, interface identified using the zero level set iso-surface is
plotted, results from simulation with six DOF
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Time=0.0 Time=0.5 Time=1.0

Figure 8. Two-dimensional deformation test case, results from simulation with 64 × 64 grid points and
varying DOF (Red: N=6, Orange: N=4, Black: N=3, Blue: N=2)

Time=0.0 Time=0.5 Time=1.0

Figure 9. Two-dimensional deformation test case, results from simulation with three DOF and varying
mesh points (Black:128× 128 points, Red: 64× 64 points, Blue: 32× 32 points)
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a) Time=0.00 b) Time=0.11 c) Time=0.22

d) Time=0.33 e) Time=0.44 f) Time=0.56

g) Time=0.67 h) Time=0.89 i) Time=1.00

Figure 10. Three-dimensional deformation test case, results from simulation with four DOF. Plot of zero
iso-surface shows how the surface changes with time.

a b c

Figure 11. Water droplet colliding with quiescent body of water, interface plotted using zero iso-surface of
level set
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