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When properly constructed, Lagrangian perticle tradking shoud provide grid-
independent results. Unfortunately, the numericd methods used in spray simulations are
still somewhat ad-hoc. The airrent work attempts to (1) verify the order of acarracy of
existing methods and (2) establish the simplest possble techniques for achieving seond
order acaracy.

1. Introduction

Grid dependency, one of the problems faceal by spray modelers, serioudy undermines the
ability to predict sprays acarrately. It is unpredictable in nature and confounds the modeling
of the physics of spray. Grid dependent computational models of sprays might lead to
incorred conclusions, eventually leading to expensive engineaing mistakes.

Among al numericd methods used for spray simulations, the Eulerian-Lagrangian
method hes been the most popuar. Eulerian-Lagrangian methods typicdly use the idea of
statisticd representation d the spray [1]. Lagrangian particle tradking is smple to implement
and fast. Also, Monte Carlo Lagrangian particle tracking efficiently samples the muilti-
dimensional spray. Lagrangian particle tracking, thoughwidely used, can demonstrate strong
grid dependence|[2, 3, 4, 5 and 6].

KIVA [7], which has been extensively used to simulate sprays (mainly sprays in internal
combustion engines), implements Lagrangian perticle tracking. Subramanian and O’ Rourke
[3] attempted to demonstrate that the KIVA code was convergent, but did not observe ay
such conwvergence in their tests. One of the main conclusons of their work was a
recommendation d better cougding of the two pheses.

Anga and Abraham [6] concluded that the grid dependence is mainly because of the
various s1b models invoved and inadequate spatial resolution hndering the @ugding
between the gas and liquid phese. Bead et a [4] developed a new Lagrangian-Eulerian
Couding method (CLE). The gproach introduces gaseous particles and a sphere of
momentum influence retaining vapor and momentum along the parcd tragedories. This
improves liquid vapor transport and the momentum couging between liquid-gas interadions.
The model also addressed the isaue of over-prediction of the drag because of the incorred
relative velocity between the two phases. However, some details of this model were
necessarily ad hac. Hieber [5] studied grid dependency in KIVA. She implemented a Void
Fradion Compensation to corred for under resolution. In her conclusions Hieber identified
couping ketween the gas and liquid phase @ the reason for mesh dependence. One of the few
successesin testing for acarracy and achieving grid independent solutions was Sirignano [10].
Sirignano was able to demonstrate second ader convergence. However many of the detail s of
his test were never reported. Also, his smulations did nat include any stochastic componrents,
such as gaggered injedion and dop size sampling. Sirignano daes nat present a theoreticd
basisfor why his approach shoud be second ader.



In view of the @owe requirement for convergent, consistent and acarate spray
simulations, the present work attempts to establish minimal standards by which second-order
gpatial acarragy can be atieved. This work will show that the Monte-Carlo sampling of
sprays method can produce send ader acairate results. Seaondy, we question some of the
observations of Sirignano. Toward this end, the liquid-phase simulation is divided into four
parts. particle tracking, gas-to-liquid interpaolation, liquid-to-gas distribution, and physicd
models. Each of these partsis tested independently for second-order acairacy.

2. Methodology
2.1. GasPhase Solver

A new code, MOSES, is used, which is based on the Eulerian-Lagrangian framework.
MOSES is a new code being developed at Convergent Thinking LLC in collaboration with
University of Massadhusetts. Currently it employs a regular block-structured mesh in a
regular domain. All convedive terms are third-order upwinded and the diffusive terms are
secondorder central differenced. With minor variations, the PISO method of 1ssa [8] is used
for solving the gas phase @nservation equations for both incompressble and compressble
solvers.

2.2. Liquid Phase

As mentioned ealier, the liquid-phase smulation can be divided into four parts. particle
traking, gas-to-liquid interpadation, liquid-to-gas distribution, and physicd models. Eac of
these is addressed below.

2.2.1. Particletracking

Severa methods were investigated and, surprisingly, the semi-implicit method employed by
O’'Rourke, turned ou to be ided. The semi-implicit methodfor updating the droplet velocity
was employed by O’ Rourke because it is uncondtionaly stable and also ore of the smplest
possble methods. This is the method implemented in KIVA. This method is the exad
solution for a cnstant coefficient of drag, C,, and constant gas velocity, U,. O'Rourke was
concerned orly with stahility, but this high acairacy is afortuitous benefit of ‘his choice[13].

2.2.2. Gasto Liquid Coupling

Gas-to-liquid interpdation invalves interpolating the gas-phase velocity (flow quantities) to
the parcd locdion to cdculate the relative velocity. Relative velocity is an important
parameter in the other spray sub models (bredkup, vaporizaion) and hence gas-to-liquid
interpolationiscriticd asped in pusuing acarate spray caculations.

2.2.3. Liquidto Gas Coupling

Liquid to gas couding is mainly the distribution of various urce terms (mass momentum
and energy) to the gas phase nodes. In addition, since the massand hea exchanges between
the two phases are analogous to the momentum couging, conclusions reated for momentum
couding are likely to be applicable to the others. In Eulerian-Langrangian, techniques snce
the spray is represented by particles, the momentum lost by the spray is now treded as point
sourcesin the gasfield. The distribution of these sourcetermsisimportant to get theright gas
field and spray solution. There ae severa diff erent ways of doing this. The smplest approach



isto gve dl the momentum lost by droplets to the neaest gas phase noce. Thisis cdled the
“neaest node” approximation and is implemented in KIVA. Sirignano [9] advocaed a
distribution method kesed on distance from the surroundng gas phase nodes. The two
approacdhes differ in the kernels they use to dstribute the sourcetermsin a cdl to the neaby
nocdes.

2.2.4. Physical Models

No physcd models were used in any of the tests below. Future numericd tests will i nclude
the Enhanced Taylor Analogy Bregkup model, which is used to model jet and droplet breskup
[11]. The NTC collision algorithm developed by Schmidt and Rutland [2] will be used to
cdculate ollisionincidence This agorithm has a computational cost linealy propartional to
the total number of parcdsin the cdl. The NTC algorithm isfirst order acairate in time and
send ader acarate in space

3. Analysisand Results
3.1. Particleand Trajectory

The basic eguations governing the parcd velocity and trgedory can be expressd as the
following ODE’s [3]:

dt

da
P _ 2

5 Callpmug)

[3]

MOrrrmiri

The variable V., represents the relative velocity of the gas and parcd. Henceif ug , the

gas velocity at the n" timestep, is taken to be aconstant then the drag equation [4] is alinea
ODE. Even thoughthis ODE appeas to be athreedimensiond, it is redly one-dimensional
because the relative velocity isin the diredion of the force ating an the parcd.

d\7rel
dt

= _Cd\7rel ? [4]

The analyticd solution is easy to cdculate by dred integration. Integration of equation
[4] gives equation [5] which is nothing but the semi implicit method implemented in KIVA
by O’ Rourke.

\7rg|+l - Argl = _Cd LAt |:’\7r'<1el+l Ar?el [5]
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up™t —up = (uB*1 —ug)— (ug —ug):\Z’gl -V =-C, OAt VAWV, [6]

To include changes in C, andug, we use a predictor-corredor implementation of this

method Accauracy tests performed showed that this implementation was smnd ader
acarate.



3.2.  Coupling of the gas phase and spray: Tests of linear interpolation

For couping between gas phase and spray tri-linea interpolation was used, and acaracy
tests showed that the interpolation scheme was mnd ader acarate with resped to spatial
variations. The tests were performed by injeding a single parcd into a fixed quiescent gas
field with no collision or bre&up. The gas field was generated using a Gaussan function.
Thisprofileisarigorous test becaise it canna be represented exadly by any polynomial. The
Gaussan isafunction d radial and axia distance from the injedor.

3.3.  Liquid-to-gas coupling

Sirignano, in his tests, had observed that neaest node momentum couging is nat sufficient
for secondorder acaragy. He compared fine mesh cdculations to coarser-mesh cdculations
and nded the rate of conwvergence In this present work, theoreticd analysis and dfferent
numericd tests were performed using the neaest node method and Sirignano's method d
distribution d the source term. Our results s1ggest that neaest nock is indeed second ader
acarate. Sirignano's method is adso fourd to be seawndorder acarate. Thus, the more
sophsticaed smocathing kernel demonstrates no higher forma acaracgy than the smple
neaest-nocke kernel. Numericd noise may have prohibited Sirignano from observing this in
his numericd tests snce he used relatively few parcds. Consequently, the spray exerts anon
smoath influence on the gas. In the aurrent tests, the number of parcds per cdl is kept high
enoughto suppressrandam error.

3.3.1. Theoretical Analysis

The following analysis is easy to visudizein the 1-D and can easily be extended to 2-D or 3-
D. If x represents the parcel position and X represents the node position of the gas phase

node, then the weight of the parcd on the noce is given by W(xi - xp) , Wwhere W is the

kernel of the weighting method. If f (x)is the source function and N is the number of parcds,
the value of the function at the node can be cdculated to be

= iW(Xi -x, )0t (x,) [7]
The kernel for neaest noce is given by
4.0 |xi —xp| <dx/2
% otherwise
The kernel for Sirignano’ s methodis given by:
%dx—|xi - xp|)/dx |xi - xp| < dx
otherwise

Now if we asume perfed (continuows) approximation of the source function wsing an
infinite number of parcds, the value of the function at the noce is given by

W(xi —xp): [8]

W(xi - X, ) = [9]

f(xi):IW(Xi _Xp)Df(Xp)pr/IW(Xi _Xp)dxp [10]
If the nearest node gproximation is used the function value will be
1 Xj +dx /2
f(x)=— f 11
()=, JL0T b 11

dx/2



Thus, the neaest node method colleds the average value of the source function in its
vicinity. It can be shown that the neaest node method gves an exad answer when the source
is congtant or linea. A constant sourcefunction would just be a constant A. Evaluation of the
abowe integral, assuming perfed sampling, and f(x)=A gives the exad answer. Similarly, if a
linea function is used, where f(x)=Bx, then the integra aso gves the exad answer. Since
any function can locdly be gproximated as a linea function with error O(dx’), then the
leading truncation error term must be, at a minimum, second ader. Smilar analysis using
Sirignano' s methods showed that it was a'so ssoondacairate.

3.3.2. Analytical Test based on the drag approximation

In this 1-D test case the parcds were stochasticdly distributed using an exporentially varying
number density (equation [12]) dong a 1-D domain of length L. The velocity field and the
parcd velocities were fixed using an exporentia function (equation [13]). Hence we have the
exad (anayticd) value of the drag at eat noce. The drag is also evaluated using bdh the
neaest node method and Sirignano’ s method.

N(x)=10° Oexp &7, [12]
B3
V(x)=100exp &0, [13]

The total drag over the whole domain is cdculated analyticadly and is also approximated
using the different drag terms at ead nock and the trapezoidal rule. The gproximations of
the total drag are then compared to the analyticd value. The relative arors observed in ead
case ae plotted (Figure 3) as function of varying mesh size (dx). As sown, al the three
curves have the same dopes, and hencewe can claim that the neaest node methodis swnd
order acarate.
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Figure 3. Comparison of error in thetotal dragapproximation of Srignano’s method and
nearest node to the error obtained when using trapezidal method for varying dx.

4, ConvergenceTests

All the parts of the spray model are tested together to demonstrate the collective behavior.
Now that each method has individually been shown to be second order accurate, this should
trandate into second order accuracy when tested together. Since it is difficult to have an
analytical solution for areal spray problem, only convergence can be tested for the collective
code. Thisis done by testing the order of convergence to a numerical solution created with a



very fine mesh. Two different tests were performed using two dfferent types of spray driven
flows.

4.1. Swirling Spray Test

In this first test case a adual gas flow field with particles in a two dimensional domain of
size 0.1mx0.1m was smulated. All the particles were initialized to have ar anguar velocity
and injeded into the domain at the beginning. This test is relevant to swirling sprays, a
respedable dalenge for a Cartesan mesh. The source term was cdculated again using
neaest node gproximation and Sirignano' s methods. Five different mesh sizes were used:
dx=0.01m, dx=0.005m, dx=0.002m, dx=0.001m and dx=0.0005m. One hundred thousand
parcdswere used in al of these smulations. The goal is here isto show that this variationin
the anguar momentum predictions for varying mesh sizesis propartional to dx’.

For this test, Sirignano' s method was clealy demonstrated to be second ader acarate.
The neaest-node method was foundto be secnd ader acarate for well-resolved cases, but
performed badly with a coarse mesh. The smocther kernel of Sirignano's methodis closer to
being isotropic than the nearest-node method which likely explains its superior performance
in swirling flow.
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Figure 4. Plot showing that Sirignano’s method and nearest node are second order accur ate.

4.2. Plain Orifice Test

In the second test, particles are injeded into gas flow field in atwo dmensional domain of
size 0.02mx0.04m. This test was run with a planar, two-dimensional spray source that
resembles a plain-orifice domizer with a width of 4mm. The source term was caculated
again using reaest node gproximation and Sirignano’'s method Five different mesh sizes
were used: dx=0.005m, dx=0.0025m, dx=0.002m, dx=0.001m, dx=0.0005m, dx=0.00025m,
dx=0.0002m, dx=0.0001m and dx=0.00005m. Four hurdred thousand parcdswere used in all
of these smulations. Figure 5 shows the plots of the gas phase kinetic energy summed over
al nodes in the domain as a function of different mesh sizes. The plot also shows that the
predictions of both methods are second ader acairate.

Interestingly, Figures 6 and 7 show an order of convergence that is different than that of
the gas phase. The order one-half convergence of spray tip penetration is common for Monte
Carlo methods. However in the present work, it was observed even when the number of
parcds was held constant. The first order convergence of the spray center of massis aso
intriguing.
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Figure 5. Log plot showing that predictions of nearest node and Srignano’s method are second
order acaur ate.
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Figure 7. Plot showing variation of penetration of spray center of masswith varying mesh size
5. Conclusions

In this work we explore the grid dependency of sprays simulations. One of the main
conclusions is that nearest node method is second order accurate, contrary to the popular



belief that it isfirst order. But even thoudh the neaest node method is send acarrate, it is
dightly inferior to Sirignano’s method in swirling sprays due to the fad that Sirignano’'s
methodis snooth and lessanisotropic.

As sown in the @nwergence tests, this work has partialy established second ader
acaragy and convergence of spray smulations. This work aso highlights techniques
required to achieve seoond acasracy. Theresults are not conclusive in addressng the order of
acarragy, asthere seamed to be a dependence of the mnvergence on the metric that is chosen.
These @mnvergence rates appea related to the Monte Carlo neture of the spray simulation.
The dependence of convergence rate on the metric dhosen is clea from the different rates of
convergence of penetration of the tip of the spray and penetration of the center of massof the

spray, which converge & rates proportional to dx¥? and dx (linea) respedively. The
improved order of acaracy of penetration d the ceter of massof the spray is likely due to
the averaging processthat is used for cdculating the center of masslocation.
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