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The Boltzman equation for the particle distribution function has been written 
considering the gas-solid turbulent flow as an ensemble of stochastic interacting both 
liquid and solid particles. Then the motion equation for the solid particle partially 
averaged (smoothed) over all collisions has been derived. Similar to the kinetic theory, 
the statistical temperature has been introduced for the solid particle and for the 
turbulence. The relaxation-type relation was assumed for these two “temperatures”. The 
smoothed particles dynamics was then coupled with LES approach for turbulent gas 
flow in “two-way”. The calculated results are compared with the experiment of Kulick 
et. al. and with LES/particle computation of Yamomoto et. al. that consider the inter-
particle interaction in the framework of hard-sphere collisions. 

 
 
1. Motivation and objective 
 
The experimental study [1,2] of dispersed two-phase developed turbulent flow in the vertical 
channel motivated to validate in [3] the LES approach with Lagrangian tracking of particles. 
The computed mean and r.m.s. velocity of flow and particles showed that while the gas flow 
has been predicted relatively well, the computed particle velocity differed from 
measurements. In the framework of discrete particles [4, 5] and continuum [6] approaches, 
this discrepancy motivated the further developments with inter-particle collisions. For 
example, along discrete particles approach, the collisions have been computed analogously to 
Monte Carlo simulation in the rarified gas [7, 8]. To this end, the computation by 
LES/particles in [9] was specifically performed to model the experiment [1, 2]. Accounting 
for inter-particle collisions, [9] improved the particle velocity distribution however requiring 
at the same time, significantly more CPU resources than one needs for the gas flow 
computation [4]. If the simulation of the particle laden turbulent flow is specifically target for 
the computation of two-phase combustion (which is our purpose in the future work), then 
such a computational model is too expensive. Therefore, the need comes to account for the 
inter-particle collision in a simpler and still effective way. To present such a model in the 
framework of LES/Lagrangian particle approach and to compare the calculated results with 
measurements [1, 2] and with computation in [9] is the objective of the present paper.  
 
 
2. Partially averaged equation for the particle motion along trajectory 
 
In the high-Reynolds number flows, two random forces act on the motion of solid particle. 
The first one is due to the turbulence in flow and the second one is due to inter-particle 
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interactions. These two processes are interrelated: the turbulence affects both the relative 
trajectory of two interacting particles (in terms of particle collisions efficiency) and the 
acceleration of the moving particle. When the particle is larger than the Kolmogorov 
microscale, it is too difficult to account for all details of such interactions. The problem is 
how to describe effectively the random Lagrangian motion of solid particle. By analogy with 
kinetic theory, one may average the motion of the particle over all unknown stochastic 
interactions. Then the trajectory of particle becomes partially smoothed. The smoothed 
acceleration of solid particle changes the local momentum in the gas phase, thereby affecting 
on the acceleration of neighboring solid particles. This is similar to the consideration of third 
body in many-body interaction problem with long-range forces. Also, the turbulence itself is 
often described in terms of Lagrangian stochastic variables [10]. In this spirit, we may 
consider the dispersed two-phase turbulent flow as a time evolution of a system of interacting 
stochastic both fluid and solid particles. The kinetic description is then specified by the 
distribution function of particles with position r ( 321 ,, xxx )r  and velocity , ( )321 ,, vvvvr

( tf ,, vr )rr , in the six-dimensional space, for each sort of particles, solid particles, 
( )tf ppp ,, vr rr  and fluid particles, ( )tf ggg ,, vr rr . For solid particles, the Boltzman equation can 

be written in the following form: 
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where ( )pp ffI ,  and ( )gp ffI ,  are operators for solid-solid and solid-liquid particles 
collisions, correspondingly. The first collision operator in (1) is usually modeled assuming 
pair hard sphere collisions with prescribed efficiency [11-16]. The form of the second 
operator of multi-particles collisions is principally unknown.  
The total number of solid particles does not change due to any collisions, as well as the total 
momentum of solid particles does not change due to solid-solid collisions:  
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However  
 

( ) 0,3 ≠∫ pgpp ffId vv                                                                                (5) 
 
Introducing the solid particles density,  (in usual terms of kinetic approach [17] ) and the 

particle velocity averaged by , 
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particles collision occurs enough frequently in a way that the correlation of fluctuations of 
solid particle velocities can be identified with the particle temperature of ordinary statistical 
mechanics, T : p
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Here  is Maxwellian distribution,  is the mass of the considered solid particle and Mf pm αβδ  
is the Kronecker delta. Multiplying (1) by the velocity of particle, integrating over all these 
velocities and using (6), one yields: 
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where the first term implies the change of the “particle pressure” along the smoothed particle 
trajectory and the second term is the mean rate of the particle velocity change due to 
collisions of solid particle with fluid turbulent particles. These two terms have to be modeled. 
The first term is modeled as follows. We introduce the “temperature” of stochastic fluid 
particles, T . According to its kinetic definition, one writes: gtur ,
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where gρ  is the gas density, VOL  is a volume over Lagrangian integral spatial scale and L

2/2
gv′  is the kinetic energy of turbulence in gas flow. Assuming a relaxation of the 

statistical temperature of solid particle to the statistical temperature of liquid one, one writes: 
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where β  is an exchange frequency parameter. If β  is a very large value, then 0=
td

Td p , i.e. 

the statistical temperature of particle either keeps the memory on its previous value or is 
locally in a “thermodynamic” equilibrium with the surrounding turbulence: 
 

( )pgturp TTT ,max ,=            (10) 
 
Concerning the second term in (7), it can be presented by the draft force:  
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where pτ  is the response time, which is usually taken from the Stokes relaxation of the 
particle motion to the laminar flow with undisturbed velocity. With the particle Reynolds 
dependency of [18] , it writes: 
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In this formulation, the equation (7) without the first term reduces to the usual LES/particle 
tracking procedure [3]. 
 
 
3. Computation procedure 
 
The LES simulations were performed under conditions chosen to much the experiments [1,2]. 
In this experiment, a set of measurements has been performed on a vertical fully-developed 
air-channel flow laden with spherical particles of different levels of mass loading. In this 
measurement, the particles larger than the Kolmogorov microscale, were the particles of 
cooper with density  and diameter d3/8800 mkgp =ρ mp µ70= . This case with 20% of 
mass loading was used in the present computation for validation of the model. The numerical 
code from [19] (called at CTR, Stanford University, as Chack’s code), was adapted for IBM 
PC and used for the gas flow computation. In this code, the governing filtered Navier Stokes 
equations were solved using the second-order-accurate central- finite-difference scheme on 
staggered grids and the semi-implicit iterative for integration of those equations. A Newton-
Raphson iterations were applied for time marching. The Poisson equation for pressure was 
solved using Fourier series expansions in the streamwise and spanwise directions together 
with tridiagonal matrix inversion. The subgrid momentum transport term was modeled by the 
dynamic approach developed in [20-22]. In the present work, this code has been coupled in 
“two-ways” with Lagrangian particles solver, specifically to (7) - (11). To define the local 
statistical temperature of turbulence in (8), the volume over Lagrangian integral spatial scale 
was associated with the control volume of the finite-difference mesh. The expressions for the 
instantaneous local kinetic energy of turbulence  
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and for the mean one  
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has been attempted to calculate (8), where the mean values were obtained from the fluid 
velocity time statistics. The numerical algorithm of two-way momentum coupling was 
implemented similar to fractional step method in KIVA2 numerical code [23]. The particle 
equations have been solved using the second order Runge-Kutta method. For the gas velocity 
at a particle position, the linear interpolation scheme has been used. The implementation of 
higher order schemes of interpolation did not give an explicit advantage requiring at the same 
time a substantial computational effort. The computations were performed at Reynolds 
number based on friction velocity and channel half-width of 644 (corresponding to Reynolds 
numbers of 13800 based on centerline velocity and channel half-width). Parameters of the 
computation have been chosen according to [3] with 65x66x65 grid points for the flow 
resolution in the x , , and directions, respectively, that covered the computational domain y z

δδδ 228 xx . In the streamwise and spanwise directions, the uniform grid was used. In the 



direction normal to the wall, the non-uniform stretched grid has been used with first velocity 
position at . The periodic boundary conditions were used for gas phase and for 
particles at free boundaries. 

88.0=+y

 
 
4. Results 
 
Fig.1a shows the mean streamwise gas-velocity profile obtained in experiment [1, 2] for 
unladen and laden turbulent flow. As it has been noted in [1, 2], the particles practically do 
not change the mean velocity profile. In this Figure, the mean flow velocity is shown from 
LES unladen and LES/particles with hard sphere collisions obtained in [9], as well as from 
LES unladen and LES/smoothed particles tracking, (7)-(11), computed with (13) and (14), in 
the present work. These cases are presented also in all Figures hereafter. It is seen from Fig. 
1a that the mean gas velocity field is practically not influenced by the presence of particles. 
Fig. 1b shows the streamwise turbulence intensity. The experiment predicted attenuation of 
turbulence by particles. The calculated results in [9] do not show this effect regardless of 
whether inter-particle collision was included or not. The present computation show the 
turbulence attenuation effect but the intensity of this attenuation is strongly underestimated. 
Similar conclusion can be made from the computation of the wall-normal turbulence 
intensity, which is shown in Fig. 1c (in [9], such distribution was not presented). 
Underestimation of the turbulence attenuation effect by particles motivates the future study of 
the influence of particles on the subgrid turbulence. A model of particle/subgrid turbulence 
interaction will be presented in [24]. Fig. 2a shows profiles of the particle mean streamwise 
velocity. From measurements, it is clearly seen that the particle mean streamwise velocity 
profile is much flatter than one of the gas phase. Results of computations with (7)-(11) show 
the strong tendency towards the experiment, contrary to the computation by the usual 
LES/particle tracking procedure. It is also seen that making use of the instantaneous kinetic 
energy (13) in (8), leads to the distribution of velocity close to experimental one. In Fig. 2b 
and 2c, the computed r.m.s. streamwise and wall-normal particle velocities are compared 
with measurements. It is seen that similar to [9], the calculated results for streamwise velocity 
r.m.s. agree well with experimental results except in the channel center. At the same time, it 
is seen that computed here r.m.s. of wall-normal velocity is overestimated against the 
measured values while the data from [9] shows an underestimation of measurements. 
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Fig.1  Comparison of computed gas velocity profiles (LES and (7)-(11)) with measurements of 
Kulick et. al.[1,2] and results from Yamomoto et.al. [9] with inter-particle collisions: a) streamwise 
mean velocity; b) r.m.s. of streamwise velocity; c) r.m.s. of wall-normal velocity. 
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Fig.2  Comparison of computed particle velocity profiles (LES and (7)-(11)) with measurements of 
Kulick et. al.[1,2] and results from Yamomoto et.al. [9] with inter-particle collisions: a) streamwise 
mean velocity; b) r.m.s. of streamwise velocity; c) r.m.s. of wall-normal velocity. 
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