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Abstra ct 

In this study, we report a preliminary numerical simulation of shock wave generation by 
supersonic spray using the space-time CE-SE numerical scheme and the stochastic particle injection 
based on the Monte Carlo method. The 2-D test case simulates the injection of particles with poly-
dispersed size distributions into a rectangular chamber filled with air at standard conditions. The 
initial injection velocity is 500 m/s, corresponding result in a 1.47 Mach number. For simplicity, the 
particle-to-particle interactions and the evaporation models are not applied in the calculation and only 
momentum coupling between the discrete-particle and continuous gas phases is considered using 
uncorrected drag correlations. A single spray injection case is used to simulate the spray-wall 
interactions; a dual spray injection is used to show spray-to-spray interactions. Favorable comparisons 
with the experimental results are demonstrated in terms of the physical characteristics of the shock 
wave generation and their interactions with spray and walls. 
 
1. Introduction 

Spray-shock interactions are a very 
complicated process. In general, two scenarios 
can occur, depending simplistically on if the 
particles are actively generating the shock 
waves or passively riding through them. The 
active case involves very high-velocity 
injection, which sometime occurs in diesel 
engine or water jet applications. The passive 
case can occur in a pulse detonation engine or 
a shock tube experiment. In either case, these 
interactions create a difficult challenge to 
determine their effects on the physical 
transport and possible chemical reaction 
processes. While the passive cases are studied 
more, perhaps arguably easier to set up 
experimentally, the active case is more 
complicated, because it usual ly involves dense 
spray and complicated multi-phase 
phenomena, which by themselves without the 
shock waves remain a technological challenge 
today. 

In the diesel combustion, it is well known 
fact that the increase of the injection pressure 
effectively reduces the emissions in terms of 
NOx and black smoke. In addition the 
combustion performance is greatly improved 
by forming the finer and more homogenous 
spray environment. Therefore, the challenging 
study of the high-pressure injection and its 
interaction with ambient gas in the combustion 
chamber has persistently been required. In the 
environment of the spray injection speed over 
sonic, the generation of the shock wave is 
naturally possible and thus, the interaction 
between spray particles and shock waves is of 
concern. One of the earlier research works was 
conducted by Nakahira et al. [1, 2]. During 
their study on the high-pressure spray into a 
pressure vessel, they found the weak shock 
wave generated when the fuel injection speed 
exceeds the ambient sonic velocity. In the 
subsequent work, they conducted to measure 
the droplet size and pressure amplitude to 
investigate the shock wave effects on the fuel 
spray. Following their findings, the shock 



wave positively improve the spray atomization 
as decreasing the droplet size and the pressure 
amplitude of the shock wave was about 10% 
higher than that of ambient pressure. In 
addition, they suggested that verifying the 
mechanism of shock wave generation will 
clarify the mechanism of fuel jet break up and 
atomization. 

Recently, Wang et al [6] demonstrated that 
high pressure fuel sprays in supersonic speed 
can generate the Mach cone in gaseous 
medium by directly imaging of x-radiography 
technique. This pioneering work in 
experimental technique of internal combustion 
engines makes it possible to obtain the 
qualitative data and allow the quantitative 
analysis of the shock wave parameters, 
simultaneously. Thus, they strongly believed 
that this methodology could be cleared out the 
dearth of experimental methods to validate 
computational modeling development. 

Although high-speed particle streams or 
liquid jets have many scientific and 
engineering applications in medical surgery, 
manufacturing, cleaning, mining, and 
tunneling except diesel combustion engines, 
there are, so far, no research results of 
numerical simulations carried out on the 
subject due to difficulty in capturing shock 
wave structures and their interactions with 
discrete phase and wall boundary conditions. 
Therefore, there is a strong motivation to 
understand the generation mechanisms of 
shock wave by supersonic jet or spray. To this 
end, we attempt to tackle the active case in this 
paper to focus on the shock wave structure. 

For simplicity, the deformation of the 
spray droplets is not taken into account; thus, 
the simulated processes more realistically 
resemble high-speed particle streams than 
spray. In addition, the slow down of acoustic 
speed in the two-phase mixture, in particular, 
for dense liquid sprays is also not taken into 
considerations in this study which is an 
another difficult challenge to numerical 
simulation. However, the present effort 
provides a steppingstone for future simulation 
of the spray-shock interactions, which could 
be present in future high-pressure diesel and 
pulse-detonation engines. 
 
 

2. Theoretical model 
 
2.1. Gas phase equations 

The governing equations for the gas phase 
in numerical simulation are the two-
dimensional Euler equations with spray source 
terms. The vector form of the governing 
equations are given by, 
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In Eq. (2.2), ρ, u, v, p, and E, respectively, 
represent density, velocity, pressure, and 
specific total energy of the gas phase. The total 
ene rgy E is defined as 
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where )1/(pe −= γ  is the internal energy of 
the gas phase and vp c/c=γ is the ration of 
specific heats. The source terms appearing on 
the right-hand sides of the equations account 
for the particle effects. m&  is the additional 
change rate of gas phase mass due to the 
particle evaporation. Mx and My are the terms 
defining the x and y momentum exchange with 
the particles per unit volume. The energy 
source term Se represents the work done by the 
particles on the gas. In present study, since we 
inject the spray into the quiescent ambient air 
in rectangular chamber as the stand state, i.e., 
1 atm and room temperature, the rate of mass 
(the source term in mass equation) and the 
heat transfer from the particles to air, the 
source term in energy equation, are not 
considered. As a result, we only have the 
source terms for momentum equations. The Mi 
defining the drag on the gas due to the 
particles is given by, 
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where the summation represnets the total 
number of particles in the calculation cell and 
δ(x) is the Dirac delta function, Dk(U) is the 



drag function, which will be described in 
following section. 

2.2. Particle equations 
In a Lagrangian reference frame [7], each 

particle, individually labeled by subscript k , is 
considered to obey the droplet governing 
equations. First, the drop position is given by 
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Then, the instantaneous particle velocity at 
arbitrary time is determined by solving the 
momentum equation. 
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where Dk(U) is the draf function and given by 
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In Eq. (2.7), the drag coefficient is determined 
by [8] 
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where Rek is the particle Reynolds number 
which is evaluated by using relative velocity 
between the surrounding gas and particle, i.e., 
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The energy equation of particles can be written 
as 
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where h k, the convective heat transfer 
coefficient and km& , the rate of particle 
evaporation are respectively given by 
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where BTk is the heat transfer number defined 
as 
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where L is the latent heat of particle 
vaporization corresponding the particle 
temperature. In Eq.(2.11) and (2.12), the 

Nusselt number, Nu , is calculated by the 
following emperical correlation. 
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Note that in the present study, we only 
considered the source terms for momentum 
exchange. Thus, the Eq. (2.5)-(2.9) is used to 
generate the shock wave for the gas phase in 
rectangular chamber. 
 
3. Numerical method 
 

The space-time Conservation Element 
Solution Element (CESE) method, originally 
proposed by Chang [9, 10] has been applied to 
solve the spray-shock interaction flow. The 
space-time CESE method is a high-resolution 
and genuinely multidimensional method for 
solving conservation laws. It has a solid 
foundation in physics and yet is simple in 
mathematics. Its nontraditional features are: (i) 
a unified treatment of space and time, (ii) the 
introduction of conservation element (CE) and 
solution element (SE) as the vehicles for 
enforcing space-time flux conservation, and 
(iii) a time marching strategy that has a space-
time staggered stencil at its core and, as such, 
can capture shocks without using Riemann 
solvers. Note that conservation elements are 
non-o verlapping space-time subdomain 
introduced such that (i) the computational 
domain can be filled by these subdomains; and 
(ii) flux conservation can be enforced over 
each of them and also over the union of any 
combination of them. On the other hand, 
solution elements are non-o verlapping space-
time subdomains introduced such that (i) the 
boundary of any CE is covered by a 
combination of SEs; and (ii) within a SE, any 
physical flux vector is approximated using a 
simple smooth function.  The implementation 
of the CESE method of spray is reported in 
[11]. 
 
4. Results and discussion 
 

Figure 1 shows the initial and 
geometrical description of the simulation. 
Initially, gas flow field is at the standard-
state conditions, 1 atm pressure and room 



temperature (298.14K) without any 
velocity. Then, the supersonic particles 
assumed by probability density function 
are injected into the rectangular chamber 
based on a Monte Carlo technique. The 
injection nozzle has 160µm in diameter 
and the injection velocity was 500 m/s for 
all calculation, which is equivalent to 1.47 
of Mach number. Two in jection angles, 
i.e., 0 and 6 degree, were selected. The 
total calculation domain is 6cm × 2cm 
with the grid number of 1200×200. 
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Figure 1 Schematic of the initial and 
geometrical settings for numerical simulation. 

 Figure 2 shows numerical Schlieren result 
of the generated shock structure with spray. 
The spray propagates from left to right along 
the axis of the injector. Here, the injection 
spray angle was 6° degree and the image was 
captured at 100µs. In [6] by using schlieren 
and X-ray imaging technique, they captured a 
weak shock wave at the top of the spray. In 
addition, their results provided that the 
generated shock wave was reflected from 
reflecting wall and propagated back into the 
spray. Similar to their results, the present 
result of the numerical schlieren image shows 
both the shock front and reflected shock 
clearly. Furthermore, a large number of 
internal shock waves are observed behind the 
main leading shock at the front, which is very 
similar to the results in [1~3]. 

 
Figure 2 Numerical schlieren results. 

 Figure 3 shows time evolution of the 
pressure distributions superimposed with the 

spray. At the initial stage of development, i.e., 
up to 40µs, an oblique shock is clearly 
observed to form at the tip of the spray. When 
the generated shock wave reached the wall, it 
reflected and moved back into the flow with 
more increased shock strength. Referring to 
(e)~(j), the aerodynamics drag of the spray 
front has increased with increasing time. As a 
result, the leading shock became more round 
and weaker. In addition, several internal shock 
waves with more strength than that of leading 
shock are developed behind it. 
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    (c) 
 Figure 4 Velocity profiles of air field: (a) 
2-dimensional distribution at time 100µs after 
injection with 6 degree injection angle, (b) x-
velocity, and (c) y-velocity line profiles at 
different time extracted data along the dot line 
(y = 1.2cm) corresponding to the (a). 

 Figure 4 shows the velocity distributions 
of gas flow: (a) two-dimensional distribution, 
(b) x- velocity, and (c) y-velocity line profiles 
according to axial distance at y=1.2 cm with 
different time. In Figure 4(a), the formation of 
the leading shock and reflected shock is 
clearly observed. Since the high spray velocity 
along the center axis, the strong air



 

 

 
a) t = 10µs      f) t = 60µs 

 
b) t = 20µs      g) t = 70µs 

 
c) t = 30µs      h) t = 80µs 

 
d) t = 40µs      i) t = 90µs 

 
e) t = 50µs      j) t = 100µs 

 
Figure 3 Time evolution of the shock wave generation by pressure distribution superimposed with 

supersonic spray 
 

 



entrainment has developed at the location far 
from the leading shock, which can be more 
clearly shown in Figure 4(b) and (c) at time 
t=100 µs. In addition, the leading shock 
velocity is gradually increased according to 
time increasing, indicating that the shock wave 
is developing with increasing velocity 
strength. 

Figure 5 is the plotting of the temperature 
distribution for two-dimensional, and line 
profiles extracted the value along the dot line 
corresponding to Figure 5(a) with different 
time. The hot temperature zone is formed 
between the leading shock and reflected shock. 
Refer to Figure 5(a). But an increment of 
temperature is yet small, i.e., only 5% 
increasing from initial temperature, indicating 
that the shock is not fully developed with the 
present calculation time. In Figure 5(b), the 
low temperature zone, less than initial 
temperature, is observed near the left wall. 
Since a large amount of the air entrainment 
exists in this area, this may be caused the 
reduction of the pressure energy, and thus, the 
temperature reduction. But, we would remark 
that the temperature of the shock front keep 
increasing with time. 

 
(a) 

 
(b) 

Figure 5 Temperature distributions of gas 
phase field: (a) 2-dimensional distribution at 
100µs after spray injection without injection 
angle, (b) line profiles at different time 
extracted data along the dot line (y = 1.2cm) of 
the (a)  

Figure 6 shows the air drag effects of 
spray particles for the ambient gas. At time t = 

100 µs, the distribution of whole particles is 
plotted in Figure 6(a). Clearly, the small 
particles are easily influenced by air drag such 
that initial velocity is rapidly reduced 
according to axial distance. But the velocity 
reduction of big particles, less than 20 %, is 
much smaller than that of the small particles. 
Figure 6(b) illustrates more details for 
different particle size as a function of time. At 
10 µm of particle diameter, the velocity 
reduction is significantly reduced for earlier 
time and it becomes small with time 
increasing. When the particle size is increased, 
the velocity gradient of air drag became 
constant, indicating that the big particles are 
not very sensitive from air drag since they 
have enough momentum to propagate. 

 
(a) 

 
(b) 

Figure 6 Aerodynamics drag effects of 
particles on the ambient air: (a) all distributed 
particles at time 100µs after injection without 
injection angle, (b) time histories for selected 
particle sizes as function of time. 

Figure 7 shows pressure and schlieren 
contours for shock wave development by two-
hole sprays. Both contours are taken at 100 µs 
after injection started. The calculation 
conditions are the same as the single spray 
except two sprays are injected with 30° of the 
spray angle and 2mm nozzle distance. The 
physical phenomenon is much more 
complicated than the single spray. First, the 
oblique shock waves attached on spray tips are 



overlapped together along the center axis 
between two sprays and seem to make the 
pressure increasing on that region. Second, 
high pressure zones are constructed near upper 
and bottom walls by reflected shock waves. 
Third, when the reflected shock waves cross 
over the sprays, the part of shock waves 
transmits the spray and other parts are 
reflected to the spray. Finally, several reflected 
shock waves induced by internal shock waves 
from inside of sprays are interacting with other 
incoming shock waves from inside of sprays. 
Therefore, we believe that these complicated 
phenomenon will be positively affect to the 
spray atomization and thus, the combustion 
since reflected shock waves heat many times 
to the spray resulting in the small droplets and 
the several overlapped shock waves also 
definitely increase the mixture temperature. 
But further researches and precise analysis are 
needed to prove the present conclusions. 
 

 
    a) 

 
    b) 
Figure 7 Shock wave development by two-
hole sprays with 30° of the spray angle and 
2mm nozzle distance at conditions of 0° 
injection angle and 500 m/s of velocity: (a) 
pressure and (b) color schlieren distributions at 
time 100µs after injection. 

 
5. Summary 
 

A 2-D numerical simulations of the shock 
wave generation by supersonic spray have 

been conducted using the space-time CESE 
method and stochastic particle model with 
simple momentum coupling between the 
discrete and gas phases. The physical 
characteristics of shock wave generation and 
their interactions with each other, the discrete 
phases, and the walls are demonstrated.  In 
addition, the following phenomena were 
observed:  

i) the hot temperature zone between the 
leading shock and reflected shock, 

ii) the re-circulation zone near the wall 
because of strong air entrainment, and  

iii) the high sensitivity of air drag for the 
small particles and the constant 
gradient of air drag for the big 
particles. 
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